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Segregation of granular materials by virtue of density or size is a commonly encoun-
tered phenomenon in nature. Despite its widespread interest among many researchers
in recent years, a complete and unified understanding of granular segregation remains
elusive to date. Using molecular dynamics simulations, we report a novel technique of
inducing density segregation in a binary mixture of granular materials subjected to
vibrations by the use of a bumpy vibrating base. Density segregation in the vertical
directions may be induced by oscillating the bumpy base composed of discrete solid
particles vertically or horizontally. In both cases, lighter particles tended to rise to the
top of the granular bed and form a layer above the heavier particles. We suggest that
differences in granular temperature profiles arising from the two different modes of
vibrations may play an important role in determining the extent of density segregation
occurring in binary granular mixtures. VVC 2010 American Institute of Chemical Engineers
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Introduction

A bed of granular materials subjected to vertical vibrations
exhibits a variety of interesting phenomena and has been the
focus of many research studies in recent years. It is well
established that granular mixtures are capable of undergoing
segregation by virtue of a variety of physical property
differences. These include segregations induced by particle
size,1–7 density,2,8–12 and inelasticity or differences in coeffi-
cient of restitution.13 The Brazil nut effect and reversed Bra-
zil nut effect, whereby a larger intruder in a granular bed of
smaller particles either rises or sinks under the effect of
external vibrations, have also been the subject of consider-
able interest among research workers in this area.14–19 In
general, these segregation phenomena have been attributed
to various physical factors such as friction and shaking prop-

erties,2,20 competition between percolation and condensa-
tion,3 ‘‘void-filling’’ mechanism,4 combination of void-fill-
ing, sidewall-driven convection rolls, and thermal diffusion,5

competition between buoyancy and sidewall-driven convec-
tion,6 effect of interstitial air,8,10,12,16 combination of inertia,
convection, and buoyancy,9 side-wall convection effects,14

and inertia assisted by Reynolds dilatancy.15

Despite the fact that various aspects of the vibrated granu-
lar bed system pertaining to granular segregation have been
investigated fairly extensively in the research literature,
others in contrast have remained conspicuously unexplored
so far. One such aspect relates to the nature of the base on
which granular materials are oscillated. It has been reported
recently that the bulk behaviors of granular materials sub-
jected to vertical vibrations on a flat or bumpy base are qual-
itatively and quantitatively similar.21 In this study, we
explore the effect of applying a bumpy vibrating base on the
segregation behaviors of binary granular mixtures using mo-
lecular dynamics simulations. Both vertical and horizontal
vibrations of the bumpy base will be studied, and we show
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that granular temperature profiles developed in the granular
beds during vibrations may also be an important parameter
determining the extent of segregation of the binary granular
mixtures. In the following section, the numerical method
applied and physical system of interest to this study will be
described.

Model

The molecular dynamics approach to modeling of granular
systems, otherwise known as the discrete element method
(DEM), has been applied extensively for studies of various
aspects of granular behavior. The methodology of DEM and
its corresponding governing equations have also been pre-
sented numerous times in the research literature,21–23 and
only a brief description will be presented here for sake of
completeness. For a comprehensive review, the interested
reader is referred to a recent review article by Zhu et al.24

The translational and rotational motions of individual solid
particles are governed by Newton’s laws of motion:

mi
dvi
dt

¼
XN

j¼1

ðfc;ij þ fd;ijÞ þ mig; (1)

Ii
dxi

dt
¼

XN

j¼1

Tij; (2)

where mi and vi are the mass and velocity of the ith particle,
respectively, N is the number of particles in contact with the
ith particle, fc,ij and fd,ij are the contact and viscous contact
damping forces, respectively, Ii is the moment of inertia of the
ith particle, xi is its angular velocity, and Tij is the torque
arising from contact forces, which causes the particle to rotate.

Contact and damping forces have to be calculated using
force-displacement models that relate such forces to the rela-
tive positions, velocities, and angular velocities of the collid-
ing particles. Following Lim,21,22 a linear spring-and-dashpot
model is implemented for the calculation of these collision
forces. With such a closure, interparticle collisions are mod-
eled as compressions of a perfectly elastic spring, while the
inelasticities associated with such collisions are modeled by
the damping of energy in the dashpot component of the
model. Collisions between particles and a wall may be
handled in a similar manner but with the latter not incurring
any change in its momentum. In other words, a wall at the
point of contact with a particle may be treated as another
particle but with an infinite amount of inertia. The normal
(fcn,ij, fdn,ij) and tangential (fct,ij, fdt,ij) components of the con-
tact and damping forces are calculated according to the fol-
lowing equations:

fcn;ij ¼ �ðjn;idn;ijÞni (3)

fct;ij ¼ �ðjt;idt;ijÞti (4)

fdn;ij ¼ �gn;iðvr � niÞni (5)

fdt;ij ¼ �gt;ifðvr � tiÞti þ ðxi � Ri � xj � RjÞg; (6)

where jn,i, dn,ij, ni, and gn,i and jt,i, dt,ij, ti, and gt,i are the
spring constants, displacements between particles, unit vec-

tors, and viscous contact damping coefficients in the normal
and tangential directions, respectively, vr is the relative
velocity between particles, and Ri and Rj are the radii of
particles i and j, respectively. If |fct,ij| [ |fcn,ij| tan /, then
‘‘slippage’’ between two contacting surfaces is simulated
based on Coulomb-type friction law, i.e., |fct,ij| ¼ |fcn,ij| tan /,
where tan / is analogous to the coefficient of friction.

The vibrated granular bed systems of interest to this study
are the four types of binary mixtures studied experimentally
by Shi et al.11 recently. We consider a pseudo-three-dimen-
sional equivalent of their system (35 mm width � 140 mm
height) of one particle thickness in the spanwise direction.
Two vertical walls are imposed on each end of the system in
the horizontal direction so as to correspond as closely as pos-
sible to the actual physical system used by the previous
researchers. Under random packing conditions and with the
entire system at rest, this pseudo-three-dimensional volume is
estimated to contain a reasonable 1000 particles each of diam-
eter 0.5 mm, amounting to about 14–16 layers of granular
materials. The base of the system is simulated to undergo a si-
nusoidal motion such that its displacement from the equilib-
rium position is described by Asin(xt), where A is the ampli-
tude of the oscillatory motion, x ¼ 2pf is the angular fre-
quency, and t is time. The value of coefficient of restitution
for both particle–particle and particle–base collisions is e ¼
0.9. The vibrating frequency and amplitude are f ¼ 90 Hz and
A ¼ 0.184 mm, respectively, giving the value of the dimen-

sionless acceleration, C ¼ 4p2f 2A
g ¼ 6:0. Table 1 provides a

summary of the pertinent material properties and simulation
parameters used. As will be explained later, the entire set of
simulation was then repeated with the vibrating base replaced
by particles undergoing a similar type of imposed oscillatory
motion to represent a ‘‘bumpy’’ vibrating base.

Results and Discussion

We first show in Figure 1 a simulation of the physical sys-
tem studied experimentally by Shi et al.11 Blue and red par-
ticles represent lighter and heavier particles, respectively, with
the former made of aluminum oxide of density 1.31 g cm�3.
The heavier particles in the four panels are made of zirco-
nium oxide (2.87 g cm�3), titanium alloy (4.45 g cm�3),
cobalt-chromium-molybdenum alloy (8.37 g cm�3), and
tungsten alloy (18.0 g cm�3). A good agreement is observed
between the present simulations and experiments of the
previous research workers with regards to the states of

Table 1. Material Properties and System Parameters

Shape of particles Spherical
Number of particles 1000
Particle diameter 0.5 mm
Particle density 1.31, 2.87, 4.45, 8.37, and 18.0 g cm�3

Coefficient of restitution, e 0.9
Coefficient of friction 0.3
System dimensions 35 mm width � 140 mm height
Vibrating frequency, f 90 Hz
Vibrating amplitude, A 0.184, 0.368, 0.736, 1.104,

1.472, and 1.84 mm
Dimensionless acceleration, C 6.0, 12, 24, 36, 48, and 60
Simulation time step 10�8 s
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segregation of the various binary mixtures of granular mate-
rials (see Figure 1 of Ref. 11). There is a tendency for lighter
particles to rise through the granular bed to form a layer
above the heavier particles. The extent of such density segre-
gation increases with increasing difference in density
between light and heavy particles. In a recently completed
study, it was shown that a vibrated granular bed system with
a flat base is qualitatively and quantitatively equivalent to
one with a bumpy base composed of discrete solid particles
undergoing the same type of imposed, oscillatory motion.21

Here, we show that this interesting property of vibrated gran-
ular beds is also applicable to the phenomenon of density
segregation. Figure 2 shows the result of vibrating the same
four types of binary mixtures of granular materials on a
bumpy base composed of 5-mm solid particles. The same si-
nusoidal motion is imposed on this row of particles to simu-
late a vibrating base with a bumpy surface. The same states
of segregation may be observed, with the uneven nature of
the vibrating base seeming to exert a negligible effect on the
bulk behavior of the granular mixtures. A more quantitative
characterization of the states of segregation may be inferred
from Figure 2e, which shows the number fraction distribu-
tions of light particles along the vertical direction of the bed.
It may be observed that the larger the difference in density
between light and heavy particles, the more marked the
extent of segregation. In particular, the bed containing zirco-
nium oxide as heavy particles exhibits a smooth increase in
number fraction of light particles as one proceeds from the
bottom to the top of the bed. On the other hand, the bed
containing tungsten alloy shows a sharp rise in number frac-
tion over a small distance near the central region of the bed.

More interestingly, we show next the result of changing
the mode of vibration of the bumpy base to that of horizon-
tal vibration. The same 5-mm solid particles composing the
base are oscillated in the horizontal direction at the same fre-
quency and amplitude while maintaining all other conditions
in the system identical to the previous cases. Figure 3 shows

that density segregations only occur minimally in the third
and fourth types of binary granular mixtures. The high tend-
ency of cobalt-chromium-molybdenum alloy–aluminum ox-
ide mixture and titanium alloy–aluminum oxide mixture to
undergo vertical segregation is manifest in the thin layer of
light particles formed at the surface of the respective granu-
lar beds. Plots of the number fraction distributions of light
particles in the vertical direction for the four types of binary
mixtures (Figure 3e) confirm quantitatively that the granular
beds are composed largely of random mixtures. In recent ex-
perimental25,26 and computational studies,27,28 it has been
demonstrated that granular beds subjected to vibrations at
specific amplitudes and frequencies may undergo a process
referred to as densification rather than fluidization. The solid
particles assemble into crystalline structures, which hinder
relative motions within the granular bed. Figure 3 shows that
this is likely to be the mechanism responsible for the limited
extents of segregation observed in all four types of binary
granular mixtures subjected to horizontal vibrations on a
bumpy base at C ¼ 6.0. In contrast, when the vibrating con-
ditions applied are changed to f ¼ 90 Hz, A ¼ 1.84 mm,
and C ¼ 60, all four types of binary mixtures undergo sig-
nificant density segregations (Figure 4). Because of the vig-
orous shaking conditions imposed, the granular beds are par-
tially fluidized forming a region of lower solid concentration
near the horizontally vibrating base where particles are
highly energetic. This is in sharp contrast to the previous
case where solid particles at the bottom of the bed remain
more or less adhered to the vibrating base during operation,
whereas others throughout the bed are induced to vibrate
about their mean positions only (Figure 3). These observa-
tions seem to indicate that the energy imparted by an oscil-
lating base to a binary mixture of particles in a vibrated
granular bed system may play an important role in inducing
segregation behaviors. As such, a quantitative analysis of the
granular temperature profiles of such systems may provide
the key toward understanding the density segregation

Figure 1. Molecular dynamics simulations of the segregated states of binary granular mixtures.

The lighter particles (blue) are made of aluminum oxide (1.31 g cm�3) and the heavier ones (red) are made of (a) zirconium oxide (2.87
g cm�3), (b) titanium alloy (4.45 g cm�3), (c) cobalt-chromium-molybdenum alloy (8.37 g cm�3), and (d) tungsten alloy (18.0 g cm�3).
f ¼ 90 Hz, A ¼ 0.184 mm, and C ¼ 6.0. A good agreement with the experimental observations of Shi et al.11 is obtained.
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behaviors observed in this study, and this will be discussed
in the next section.

The two types of oscillatory motions (vertical or horizon-
tal) of the bumpy base as well as the operating conditions
imposed will result in significant differences in granular tem-
perature profiles of the vibrated bed. Figures 5a, b show that
under vertical oscillations of the bumpy base, the two com-
ponents of granular temperatures Ty and Tx increase gradu-
ally with vertical distance along the bed. Here,
Ty ¼ 1

2n

Pn
i¼1 ðvy;i � vyÞ2 and Tx ¼ 1

2n

Pn
i¼1 ðvx;i � vxÞ2, where

vy,i and vx,i are the vertical and horizontal components of ve-
locity of the ith particle, respectively, vy and vx are the cor-
responding mean velocities. Generally, granular temperatures
are fairly isotropic for all four types of binary mixtures
when subjected to vertical vibrations of the bumpy base, as
can be seen from the similar profiles of Ty and Tx. Both
components range from about 0 to 1.5 � 10�3 m2 s�2 over a
vertical distance of about 20 particle diameters. On the other

hand, Figures 5c, d show that Ty and Tx profiles for the four
binary mixtures subjected to horizontal vibrations of the
bumpy base exhibit a maximum point at a vertical position
of about 5 particle diameters. Beyond this point, both Ty and
Tx decrease smoothly with increasing vertical distance,
which is in marked contrast to the previous profiles. Further-
more, granular temperatures are slightly less isotropic in this
case as the maximum value of Ty is observed to be about 2.0
� 10�3 m2 s�2, while that of Tx is about 1.0 � 10�3 m2 s�2.
These significant differences in granular temperature profiles
may be indicative of mechanistic differences underlying the
behaviors of the granular beds when subjected to the two
modes of vibrations. As such, we suggest that granular tem-
perature may be a key property of a vibrated granular mix-
ture, which governs its segregation behavior. In contrast with
a conventional vibrated granular bed system with a flat
vibrating base, it seems that one with a bumpy base is more
likely to generate anisotropy in granular temperature profiles

Figure 2. Segregated states of the four types of binary granular mixtures (a) zirconium oxide, (b) titanium alloy, (c)
cobalt-chromium-molybdenum alloy, and (d) tungsten alloy subjected to vertical vibrations on a bumpy
base composed of 5-mm solid particles.

The same type of density segregation where lighter particles rise through the granular bed to form a layer above the heavier particles is
observed. (e) Number fraction distributions of light particles along the vertical direction of the bed for the four respective types of granular
mixtures. Vertical distances have been nondimensionalized by particle diameter.

AIChE Journal October 2010 Vol. 56, No. 10 Published on behalf of the AIChE DOI 10.1002/aic 2591



throughout the bed. This is due to the possibility of oblique
impacts between solid particles in the bed and the uneven,
vibrating surface. Although the relationship between bumpi-
ness of the base and extent of anisotropy in granular temper-
atures is not completely understood yet in the research litera-
ture, it may be imagined that both components of granular
temperature generated by the base are important in determin-
ing whether the entire granular bed undergoes densification
or fluidization. This would in turn determine the amount of
relative particle motion that can occur within the bed and
ultimately the extent of density segregation of a binary gran-
ular mixture. The granular temperature profiles for all four
binary mixtures under the more vigorous horizontal vibration
condition of C ¼ 60 increase to approximately an order of
magnitude higher than in the corresponding previous cases
as shown in Figures 5e, f. Values of both Ty and Tx reach as
high as 30 � 10�3 m2 s�2 near the vibrating base and
decrease smoothly with increasing vertical distance. Interest-
ingly, granular temperatures revert to being more isotropic at

such operating conditions. In comparing the various panels
of Figure 5, we observe that granular beds subjected to verti-
cal vibrations exhibit positive granular temperature gradients
with particles near the surface having the highest tempera-
tures, whereas beds subjected to horizontal vibrations by a
bumpy base are characterized by negative granular tempera-
ture gradients with particles near the base having the highest
temperatures instead. Second, in horizontally vibrated granu-
lar beds on bumpy surfaces, higher granular temperatures
seem to be more effective at inducing density segregations
in binary mixtures. To our knowledge, these relationships
between granular temperatures and density segregations that
have been observed through the use of a bumpy vibrating
base in this study do not seem to have been reported in pre-
vious experimental or numerical studies.

With these observations, it was deemed prudent to then
investigate the effects of the dimensionless acceleration pa-
rameter C on the density segregation behaviors of the four
types of binary granular mixtures. To this end, the bumpy

Figure 3. Segregated states of the four types of binary granular mixtures (a) zirconium oxide, (b) titanium alloy, (c)
cobalt-chromium-molybdenum alloy, and (d) tungsten alloy subjected to horizontal vibrations on a bumpy
base at the same vibrating frequency and amplitude as the previous case.

In contrast with the previous case, density segregation in the vertical direction occurs minimally. (e) Number fraction distributions of light
particles along the vertical direction of the bed for the four respective types of granular mixtures indicate that the granular beds are com-
posed largely of random mixtures. Vertical distances have been nondimensionalized by particle diameter.
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base simulations with horizontal vibrations were repeated for
C ¼ 12, 24, 36, and 48 by varying the vibrating amplitude
while keeping the frequency and all other parameters con-
stant. It may be noted that cases for C ¼ 6.0 and 60 have
been presented in Figures 3e and 4e, respectively. Figures
6a, b show the number fraction distributions of light particles
along the vertical direction achieved corresponding to the
vibrating conditions C ¼ 12 and 36, respectively. In each
panel, the four symbols denote the four types of binary gran-
ular mixtures. As with previous cases, it may be seen that
granular beds with heavier particles made of cobalt-chro-
mium-molybdenum alloy and tungsten alloy undergo larger
extents of segregation under all vibrating conditions because
of the larger density differences between light and heavy
particles. In addition, the extents of segregation for all four
binary mixtures also increase with increasing values of C
such that at C ¼ 48 (data not shown for brevity), the distinc-
tion between large and small density difference between light
and heavy particles has become diminished. Figures 7a, b

show profiles of vertical component of granular tempera-
tures along the vertical direction corresponding to the same
two vibrating conditions, respectively, and Figures 8a, b
show the corresponding horizontal component of granular
temperatures. In general, granular temperature profiles are
fairly isotropic for all four vibrating conditions. The charac-
teristic negative temperature gradient in the vertical direc-
tion with highest temperatures occurring near the vibrating
base and lowest temperatures occurring at the surface of the
bed is also apparent from both Figures 7 and 8. More inter-
estingly, despite similarities in terms of shapes of the granu-
lar temperature curves, maximum values of granular temper-
atures show an increase from about 2.0 � 10�3, 8.0 �
10�3, 25 � 10�3 to about 40 � 10�3 m2 s�2 as C increases
from 12, 24, 36 to 48, respectively. This corresponds
directly with the increase in extents of density segregation
observed earlier in Figure 6 and supports the previous claim
that higher granular temperatures in horizontally vibrated
granular beds on bumpy surfaces are associated with larger

Figure 4. Segregated states of the four types of binary granular mixtures (a) zirconium oxide, (b) titanium alloy, (c)
cobalt-chromium-molybdenum alloy, and (d) tungsten alloy subjected to horizontal vibrations on a bumpy
base at f 5 90 Hz, A 5 1.84 mm, and C 5 60.

The beds are partially fluidized during operation because of the more vigorous vibrating conditions. (e) Number fraction distributions of
light particles along the vertical direction of the bed for the four respective types of granular mixtures. Vertical distances have been nondi-
mensionalized by particle diameter.
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Figure 5. Spatially averaged granular temperature profiles (a) Ty and (b) Tx for the four types of binary granular
mixtures subjected to vertical vibrations on a bumpy base at f 5 90 Hz, A 5 0.184 mm, and C 5 6.0.

Granular temperatures are fairly isotropic for all four types of binary mixtures when subjected to vertical oscillations, and both compo-
nents Ty and Tx increase gradually with vertical distance along the bed. In contrast, the corresponding (c) Ty and (d) Tx profiles for the
four binary mixtures subjected to horizontal vibrations of the bumpy base at the same vibrating frequency and amplitude exhibit a maxi-
mum point beyond which both Ty and Tx decrease smoothly with increasing vertical distance. Granular temperatures are also less isotropic
in this case. With horizontal vibrations at f ¼ 90 Hz, A ¼ 1.84 mm, and C ¼ 60, both (e) Ty and (f) Tx profiles for the four binary mix-
tures are approximately an order of magnitude higher than in the corresponding previous cases. Granular temperatures revert to being
fairly isotropic at such operating conditions. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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extents of density segregation. A mechanistic understanding
of this observation may be obtained by reference to an ear-
lier study29 in which it was reported that both higher granu-
lar temperatures and diffusion coefficients of solid particles
in a vibrated granular bed are associated with more vigorous
vibration conditions as defined by the dimensionless acceler-
ation parameter. At higher values of C, velocity fluctuations
of solid particles are larger because of larger energy input
from the vibrating base, and there are higher tendencies for
such energetic particles to move away from their original
positions within the granular bed. In a binary granular mix-
ture, such a mechanism is expected to enhance the natural
tendencies for higher (or lower) density particles to descend

(or ascend) through the bed, thus leading to density segrega-
tion.

Conclusions

We have investigated the density segregation behaviors of
various binary granular mixtures subjected to vertical and
horizontal vibrations on a bumpy vibrating surface using mo-
lecular dynamics simulations. The binary mixtures consisted
of light and heavy particles with varying density differences.
When subjected to vertical vibrations on a flat or bumpy sur-
face, lighter particles tended to rise through the granular bed

Figure 6. Number fraction distributions of light particles
along the vertical direction of the bed for the
four respective types of granular mixtures.

The two panels show the result of subjecting the granular
mixtures to horizontal vibration on a bumpy base at f ¼ 90
Hz, (a) A ¼ 0.368 mm (C ¼ 12) and (b) A ¼ 1.104 mm (C
¼ 36). Symbols in each panel denote the different types of
granular mixtures as considered in all previous cases. Verti-
cal distances have been nondimensionalized by particle
diameter. [Color figure can be viewed in the online issue,
which is available at wileyonlinelibrary.com.]

Figure 7. Profiles of spatially averaged vertical compo-
nents of granular temperature Ty for the four
types of binary granular mixtures subjected
to horizontal vibrations on a bumpy base at
f 5 90 Hz, (a) A 5 0.368 mm (C 5 12) and (b)
A 5 1.104 mm (C 5 36).

Symbols in each panel denote the different types of granular
mixtures as considered in all previous cases. Vertical distan-
ces have been nondimensionalized by particle diameter.
[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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to form a layer above the heavier particles. The extents of
segregation observed increased with increasing density dif-
ferences between the two types of particles with no apparent
disparity in segregation behaviors arising from the bumpi-
ness of a bumpy vibrating surface compared with a flat sur-
face. The same type of segregation behavior could be
induced through horizontal vibrations of the bumpy surface.
It was observed that the extent of density segregation
increased with increasing intensity of vibration characterized
by the magnitude of the dimensionless acceleration parame-
ter. This is also associated with a corresponding increase in
magnitudes of granular temperatures within the vibrated

beds. In comparing between the two modes of vibration, we
observed that granular beds subjected to vertical vibrations
exhibited positive granular temperature gradients with par-
ticles near the surface having the highest temperatures,
whereas beds subjected to horizontal vibrations by a bumpy
base were characterized by negative granular temperature
gradients with particles near the base having the highest tem-
peratures instead. Furthermore, higher granular temperatures
seemed to be more effective at inducing density segregations
in binary mixtures subjected to horizontal vibrations on
bumpy surfaces. We suggest that granular temperature may
be a key property of a vibrated granular mixture, which gov-
erns its segregation behavior. Finally, this study has also
demonstrated the possibility of a new method of injecting
energy into granular mixtures through the use of horizontally
vibrated bumpy surfaces so as to induce density segregations
in those mixtures. Further considerations of such segregation
behaviors in various closely related systems such as flows of
granular mixtures down inclined planes with bumpy surfaces
or in rotating tumblers with bumpy walls may constitute pos-
sible subjects of future research studies.
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